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EXISTENCE, UNIQUENESS, AND PARAMETRIZATION
OF LAGRANGIAN INVARIANT SUBSPACES*

GERHARD FREILINGT, VOLKER MEHRMANN?#, AND HONGGUO XU$

Abstract. The existence, uniqueness, and parametrization of Lagrangian invariant subspaces for
Hamiltonian matrices is studied. Necessary and sufficient conditions and a complete parametrization
are given.

Some necessary and sufficient conditions for the existence of Hermitian solutions of algebraic
Riccati equations follow as simple corollaries.
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1. Introduction. The computation of invariant subspaces of Hamiltonian ma-
trices is an important task in many applications in linear quadratic optimal and H
control, Kalman filtering, or spectral factorization; see [13, 15, 20, 28] and the refer-
ences therein.

DEFINITION 1.1. A matriz H € C*™?" is called Hamiltonian if J,H = (J,H)™ is
Hermitian, where J, = L(}n I(H , I, is the n X n identity matriz, and the superscript
H denotes the conjugate transpose.

Every Hamiltonian matrix H has the block form

A M
[ )

with M = MY, G = GY. Hamiltonian matrices are closely related to algebraic
Riccati equations of the form

(1.1) APX + XA - XMX+G=0.

It is well known [15] that if X = X solves (1.1), then

(1.2) H[

_I} ;”2[_]} IiH(A_oMX) —(A—MMX)H :

This implies that the columns of [ _Ig(] span an invariant subspace of H associated

with the eigenvalues of A — M X. Invariant subspaces of this form are called graph
subspaces [15]. The graph subspaces of Hamiltonian matrices are special Lagrangian
subspaces.

*Received by the editors August 29, 2000; accepted for publication by A.C.M. Ran May 3, 2001,
published electronically April 10, 2002. The research of the second and third authors was supported
by Deutsche Forschungsgemeinschaft, research grant Me 790/7-2.

http://www.siam.org/journals/simax/23-4/37722.html

fFachbereich Mathematik, Universitdt Duisburg, D-47048 Duisburg, Germany (freiling@math.
uni-duisburg.de).

HInstitut fiir Mathematik, MA 4-5, TU Berlin, Str. des 17. Juni 136, D-10623 Berlin, Germany
(mehrmann@math.tu-berlin.de).

§Department of Mathematics, University of Kansas, Lawrence, KS 66045 (xu@math.ukans.edu).

1045



1046 GERHARD FREILING, VOLKER MEHRMANN, AND HONGGUO XU

DEFINITION 1.2. A subspace L of C?" is called a Lagrangian subspace if it has
dimension n and

A J,y=0 Vz,yeL.

Clearly a subspace L is Lagrangian if and only if every matrix L whose columns
span L satisfies rank L = n and L¥ J,,L = 0.

Despite the fact that Hamiltonian matrices, algebraic Riccati equations, and their
properties have been a very active area of research for the last 40 years, there are
still many open problems. These problems are mainly concerned with Hamiltonian
matrices that have eigenvalues with zero real part and in particular with numerical
methods for such problems.

In this paper we summarize and extend the known conditions for existence of
Lagrangian invariant subspaces of a Hamiltonian matrix. Based on these results we
then give a complete parametrization of all possible Lagrangian invariant subspaces
and also discuss necessary and sufficient conditions for the uniqueness of Lagrangian
invariant subspaces.

Most of the literature on this topic is stated in terms of Hermitian solutions
for algebraic Riccati equations; see [15]. For several reasons we will, however, be
mainly concerned with the characterization of Lagrangian invariant subspaces. First
of all, the concept of Lagrangian invariant subspaces is a more general concept than
that of Hermitian solutions of the Riccati equation, since only graph subspaces are
associated with Riccati solutions. A second and more important reason is that in
most applications the solution of the Riccati equation is not the primary goal, but
rather a dangerous detour; see [21]. Finally, even most numerical solution methods
for the solution of the algebraic Riccati equations (with the exception of Newton’s
method) proceed via the computation of Lagrangian invariant subspaces to determine
the solution of the Riccati equation; see [3, 5, 6, 7, 8, 16, 17, 20, 27]. These methods
employ transformations with symplectic matrices.

DEFINITION 1.3. A matriz S € C?™2" s called symplectic if S7.J,S = J,,.

If S is symplectic, then by definition its first n columns span a Lagrangian sub-
space. Conversely, if the columns of S7 span a Lagrangian subspace, then it generates
a symplectic matrix, given, for example, by S = [S, J,,S1(S#1S1)~!]. Hence the re-
lation between Lagrangian subspaces and symplectic matrices can be summarized as
follows.

PROPOSITION 1.4. IfS € C?™2" js symplectic, then the columns ofS[I(ﬂ span a
Lagrangian subspace. If the columns of S; € C*™™ span a Lagrangian subspace, then
there exists a symplectic S such that range S [16’] = range S .

Considering Lagrangian invariant subspaces L of a Hamiltonian matrix H, we
immediately have the following important equivalence.

PROPOSITION 1.5. Let H € C?™2" be a Hamiltonian matriz. There exists a
Lagrangian invariant subspace L of H if and only if there exists a symplectic matrix
S such that rangeS[Ig] =L and

-1 R D
us sws=[ 1 2]
The form (1.3) is called Hamiltonian block triangular form, and if furthermore R

is upper triangular (or quasi-upper triangular in the real case), it is called Hamiltonian
triangular form or Hamiltonian Schur form. Note that for the existence of Lagrangian
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invariant subspaces it is not necessary that R in (1.3) is triangular if one is not
interested in displaying actual eigenvalues. Most numerical methods, however, will
return a Hamiltonian triangular or quasi-triangular form.

Necessary and sufficient conditions for the existence of such transformations were
given in [18, 22] and in full generality in [19], and we will briefly summarize these
conditions in the next section. Numerically backward stable methods to compute
such forms have been developed in [1, 2, 3, 4].

The contents of this paper are summarized as follows. In section 2, after recall-
ing some of the results on Hamiltonian triangular forms, we discuss the existence of
Lagrangian invariant subspaces corresponding to all possible eigenvalue selections. In
section 3 we give complete parametrizations of all possible Lagrangian subspaces of
a Hamiltonian matrix associated with a particular set of eigenvalues. Based on these
results we summarize necessary and sufficient conditions for the existence and unique-
ness of Lagrangian invariant subspaces in section 4. Finally we apply these results to
give some simple proofs of (mostly known) theorems on existence and uniqueness of
Hermitian solutions to algebraic Riccati equations in section 5.

2. Hamiltonian block triangular forms and existence of Lagrangian in-
variant subspaces. To study an invariant subspace problem we first need to discuss
the possible selection of associated eigenvalues.

We denote by A(A) the spectrum of a square matrix A, counting multiplicities.
For a Hamiltonian matrix, if A € A(H) and Re A # 0, then it is easy to see that also
—\ € A(H); see [15, 20]. Furthermore, if H has the block triangular form (1.3) and if
i« is a purely imaginary eigenvalue (including zero), then it must have even algebraic
multiplicity. It follows that the spectrum of a Hamiltonian matrix H in the form (1.3)
can be partitioned into two disjoint subsets,

Ar(H) = {1, A, = Aoy = AL, ee s A Ay = Ay e ooy —Au )
———
ni ni m m
(2.1) AQ(H):{ial,...,ial,...,ia,,,...Jozl,},
2mq 2m,
where Aq,..., )\, are pairwise disjoint eigenvalues with positive real part and iaq,. ..,

i, are pairwise disjoint purely imaginary eigenvalues (including zero).

If a matrix is transformed as in (1.3), then the spectrum associated with the
Lagrangian invariant subspace spanned by the first n columns of S is A(R). Since
A(H) = A(R) U A(—RH), it follows that A(R) must be associated to a characteristic
polynomial

n
[T = )5+ H —da;)™,

j=1 j=1

where t; are integers with 0 < ¢; < n; for j = 1,...,u. We denote the set of all
possible such selections of eigenvalues by Q(H). Note that Q(H) contains [[}_, (n;+1)
different selections.

In most applications it is desirable to determine Lagrangian invariant subspaces
associated with eigenvalue selections for which only one of the eigenvalues of the pair
Aj, —A; (which are not purely imaginary) can be chosen in A(R). In another words,
t; must be either 0 or n;. Such subspaces all called unmized, and the associated

Riccati solution, if it exists, is called the unmized solution of the Riccati equation; see
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[26]. We denote the subset of all possible such selections by Q(H). Obviously Q(H)
contains 2 different elements.

Note that all selections in Q(H) contain the same purely imaginary eigenvalues.
Note further that if H cannot be transformed to the Hamiltonian block triangular
form (1.3), then the set Q(H) may be empty. A simple example for this is the matrix
Ji.

We now recall some results on the existence of Hamiltonian triangular forms. In
the following we denote a single Jordan block associated with an eigenvalue A by
N,.(A\) = M. + N,., where N, is a nilpotent Jordan block of size r. We also frequently
use the antidiagonal matrices

(2.2) P - Lo

and denote by e; the jth unit vector of appropriate size.

LEMMA 2.1 (see [19]). Suppose that ia is a purely imaginary eigenvalue of a
Hamiltonian matrizc H and that the Jordan block structure associated with this eigen-
value is N(ia) :=iad + N, where

N = diag(Nyy, ..., Ny.).

s

Then there exists a full column rank matriz U such that HU = UN (ia) and
UH J,U = diag(m1 Py, , ..., 7sPr.),

where my, € {1, =1} if vy is even and wy € {i, —i} if r is odd.
Using the indices and matrices introduced in Lemma 2.1, the structure inertia
inder associated with the eigenvalue i« is defined as

Inds(icr) = {1, ..., Bs},

where By = (*1)%7{]@ if 7, is even, and (B = (*1)%1'7% if r, is odd. Note that

the f3; are all £1 and there is one index associated with every Jordan block. The
structure inertia index is closely related to the well-known sign characteristic for
Hermitian pencils (see [15]), since every Hamiltonian matrix H can be associated
with the Hermitian pencil AiJ — JH. Although the sign characteristic is a more
general concept since it also applies to general Hermitian pencils, we prefer to use
the structure inertia index, because it is better suited for the analysis of Hamiltonian
triangular forms; see [19].

For the following analysis the tuple Indg(ia) is partitioned into three parts,
Ind$ (i), Ind$(ier), Ind%(icr), where Ind$(icr) contains all the structure inertia in-
dices corresponding to even ry, Ind§(ia) contains the maximal number of structure
inertia indices corresponding to odd rp in £1 pairs, and Ind‘é(ia) contains the re-
maining indices; i.e., all indices in Indg (ia) have the same sign; see [19].

Necessary and sufficient conditions for the existence of a symplectic similarity
transformation to a Hamiltonian triangular Jordan-like form (1.3) are given in the
following theorem.

THEOREM 2.2. Let H be a Hamiltonian matriz, let iaq, ..., iq, be its pairwise
distinct purely imaginary eigenvalues, and let the columns of U, k = 1,...,v, span
the associated invariant subspaces of dimension my. Then the following are equivalent:
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(i) There exists a symplectic matriz S such that S~YHS is Hamiltonian block
triangular.
(ii) There exists a unitary symplectic matriz U such that UTHU is Hamiltonian
block triangular.
(iii) U JUy is congruent to Jo,, for allk =1,...,v.
(iv) Ind%(icy) is void for all k=1,...,v.
Moreover, if any of the equivalent conditions holds, then the symplectic matriz S can
be chosen such that STYHS is in Hamiltonian triangular Jordan form

R. 0 0 0 0 0
0 R. O 0 e 0
0 0 R. 0 0 D.
(2:3) 0 0 0 —RE 0 0 '
0 0 0 0 -RE 0
0 0 0 0 0 —RH

where the blocks with subscript r are associated with eigenvalues of nonzero real part
and have the substructure

RT :diag(Rq,...,RZ), Z :diag(Ndk,l(/\k)v~-~>Ndk,pk(/\k))7 k= 1,...,/,&.

The blocks with subscript e are associated with the structure inertia indices of even ry,
for all purely imaginary eigenvalues and have the substructure

R. = dlag(RT, sy Ri)v Z = diag(le,1 (iak)a ceey le,qk (iak))7
D, = diag(Dy,...,D:), Dji= diag(ﬁg,lelkﬁleivl ve o Bl qu Gl equk ).

The blocks with subscript ¢ are associated with pairs of blocks of inertia indices associ-
ated with odd-sized blocks for purely imaginary eigenvalues and have the substructure

R = dlag(Riv ] Ri), Z = diag(Bk,lv s 7Bk,7'k),
D. = diag(Dy,...,Dy), Dj= diag(clc,l, R Clc,rk.)»

where
N, , (iog,) 0 —gemk ;
By,; = 0 N, , (i) —genk P
0 0 loy,
0 0 e

Vi mes

Ck,j = 7 ﬁk,j 9[ 19 Cng.j
—C€m.,  Cny, 0

Proof. The proof of equivalence for (i) and (iv) is given in Theorem 1.3 in [25].
The equivalence of the other conditions and the structured Hamiltonian triangular
Jordan form (2.3) was derived in [19]. O

Remark 1. For real Hamiltonian matrices a real quasi-triangular Jordan form
analogous to (2.3) and a similar set of equivalent conditions as in Theorem 2.2 can be
given. We refer the reader to [25] and Theorem 24 in [19] for details.

The necessary and sufficient conditions in Theorem 2.2 guarantee the existence of
only one Lagrangian invariant subspace associated to one selection in Q(). But the
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following theorem shows they also guarantee the existence of a Lagrangian invariant
subspace associated to every selection in Q(H).

THEOREM 2.3. Let ‘H be a Hamiltonian matriz. If any of the conditions in
Theorem 2.2 holds, then for every eigenvalue selection w € Q(H) there exists at least
one corresponding Lagrangian invariant subspace.

Proof. A proof for this result based on condition (iv) was given in [23, 25], but
a simple proof follows directly from (2.3). Note that any w contains half the number
of eigenvalues for every purely imaginary eigenvalue. So a basis for a corresponding
invariant subspace is easily determined from (2.3). For an eigenvalue pair A, —\g
we need to consider only the small Hamiltonian block [Féz ¢ 1%;) u|. Note that Ry,
is upper triangular. Suppose that the selection w contains ¢ copies of A\ and sg
copies of —\,. A corresponding basis of the invariant subspace can then be chosen
based on a symplectic permutation which exchanges trailing s x s blocks in R} and
~(RpA. O

In this section we have reviewed some results on the existence of (unitary) sym-
plectic transformations to Hamiltonian block triangular form and the existence of
Lagrangian invariant subspaces. In the next section we use these results to give a full
parametrization of all possible Lagrangian subspaces and therefore also a parametriza-
tion of all symplectic similarity transformations to Hamiltonian block triangular form.

3. Parametrization of all Lagrangian invariant subspaces. In the previ-
ous section we have shown that if H has a Hamiltonian block triangular form, then
for every eigenvalue selection w € Q(H) there exists at least one corresponding invari-
ant subspace. In this section we will parametrize all possible Lagrangian invariant
subspaces associated to a given selection w.

For this we will need some technical lemmas.

LEMMA 3.1. Consider pairs of matrices (myPr,, Ny, ), k = 1,2, where r1,79 are
either both even or both odd. Let mi,my € {1,—1} if both ry are even and 71,7y €
{3, =i} if both r, are odd; let

L 7'(1PT1 0 er 0 X
v ([0 5,105 2 ))

and let d := @ If 1 = (=1)¥*1my, de., B1 = —B for the corresponding 31 and
B2, then we have the following transformations to Hamiltonian triangular form:
1. If r1 > rg, then with

I, 0 0 0
T = 0 Ir2 0 - 7T2P 1
YTl oo 0 mPyt 0

0 —I, 0 —ImpP!

we obtain ZHP.Zy = Jr4r, and
2

1 Nr1+7*2 D
Z7N.Zy =
1 c&l _NH )
0 NT1+T2
2
where D = Tedengz + Terit+r 65[, T = f%m.
— 2
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2. If ry < ro, then with

m P, 0 i, 0
7 0 mP; 0 0
7| -mP, 0 3L, 0
0 0 0 Iy
we obtain that Z2H730Z2 = Jritry and
2
) ~NH,_ D
_ _ ritry
Zy "NoZy 0 NH, |
ritrs
where D = T616£+1 + 7_'1erl+1ef1, T = —%m.
Proof. The proof is a simple modification of the proof of Lemma 18 in [19]. ]
LEMMA 3.2. Consider a nilpotent matriz in Jordan form N = diag(N,,, ..., N,,).

(1) If the columns of the full column rank matriz X form an invariant subspace of
N, i.e., NX = X A for some matriz A, then X = UZ, where Z is nonsingular

and
[ I, 0o ... 0 0 ]
0 Vl’g . Vi’p,1 Vl’p
0 I 0 0
0 0 ... Vopg Vap
(3.) U= Do
0 0 I, , 0
0 0 0 Vo—1,p
0 0 0 Iy,
| 0 0 0 0 |

Here fork=1,...,p,0 <ty <rg,and fori=1,...,p—1landj =i+1,...,p,
we have V; ; € C*#ti with s; = r; —t;. Moreover, if My = diag(N,, ..., Ns,),
M; = diag(Ny,, ..., Ny,), and E = diag(eg,ef’, ..., e ef!), then

0 Vig ... Vi

V =
Vp—Lp

satisfies the algebraic Riccati equation
M,V - VM, —VEV =0.

(ii) If the columns of the full column rank matriz X form an invariant subspace
of NP, ie., NEX = —X A for some matriz A, then X = UZ, where Z is
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nonsingular and

0 0 0 0

L0 0

Vo 0 0 0

0 I, 0 0

(3:2) U= : :

fol,l fol,z 0 0

0 0 5, 0

Vo, V.2 .. Vop—1 0

0 0 ... 0 I |

Here for k=1,...,p, 0<ty<rp, and fori=2,....,pandj=1,...,i—1,
we have V; j € C%% with §; = r;—t;. Moreover, if Mz = diag(Ns,,...,Ns,),
M; = diag(Ngl,...,pr), and E = diag(eleg, ce elefp), then

0
v—| "

Voo oo Vopr 0O

s

satisfies the algebraic Riccati equation
MEV - VM —VEV =o0.

Proof. We will derive the structure of X by multiplying nonsingular matrices
to X from the right. Let us first prove part (i). Partition X = [i;] so that X
has r, rows. Then using the QR or singular value decomposition [12], there exists
a nonsingular (actually unitary) matrix Y7 such that X5 = [0, X22]Y7, where Xay €
C"rtr and rank Xo9 = t,. (This implies that 0 < ¢, < r,,.) Then we have the partition

X = XY{1 = [XO“ ﬁ;ﬂ Since range X is an invariant subspace of IV, so is range X.

Hence, there exists a matrix A such that

(3.3) NX = XA.

If we partition A = [j; ﬁ;z] conformally with X, then (3.3) implies that As; =0

and Ny, Xoo = Xo2Asgs. Because Xoo has full column rank and N, isa single Jordan
block, it is clear that Agy is similar to N, i.e., there exists a nonsingular matrix
Y22 such that )/2511422}/22 = th, and hence Nrp (XQQYQQ) = (XQQ}/QQ)th. By Lemma
4.4.11 in [14], X22Ya = [g], where T' is an upper triangular Toeplitz matrix and T

must be nonsingular, since Xo» has full column rank. Therefore, by setting X = XY,
with Yy = diag(I, Ya2)T !, it follows that

o [x% X%
X=|0 1 |,
0 0

and (3.3) becomes NX = X[AO“ ﬁf]. Setting N = diag(N,.,,..., N, ) it follows

y 4V, 1

that NX 1= X 1 flu, and since X has full column rank, X 1 also has full column rank.
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By inductively applying the construction that leads from X to X, we determine
a nonsingular matrix Z; such that X7, ' = X, where X has the block structure

It1 WLQ . Wl,p,1 WLP

0 Vig Vip—1 Vip

0 It2 . Wg,p_l W27p

0 0 ... Vap1 Va,

X = P : : :

0 0 L, . Wpip

0 0 0 Voip

0 0 0 I,

00 0 0

with 0 < ¢; < r;. The blocks W, ; in X can be eliminated by performing a sequence
of block Gaussian type eliminations from the right. Hence, there exists a nonsingular
matrix Z, such that X Z; ' = U, where U is in (3.1). Therefore, by setting Z := Z» 7,
we have X =UZ.

From the block form of U we can determine a block permutation matrix @ such
that QU = [‘I,] and QNQ ! = []‘g* AJ/[E} Since [‘I/] is invariant to QNQ ™!, we have
M,V — VM, —VEV =0.

Part (ii) is proved analogously by beginning the reduction from the top and
compressing in each step to the left. 0

Using these lemmas we are able to parametrize the set of all Lagrangian invariant
subspaces of a Hamiltonian matrix H associated with a fixed eigenvalue selection in
w € Q(H). Let H be in Hamiltonian block triangular form (1.3) and let the spectrum
of H be as in (2.1). Then (see [19]) there exists a symplectic matrix S such that
ST'HS = [10% _gH}, where R = diag(R1,...,R,+,) and D = diag(D1, ..., Dyys).
Ry Dy
0 —Rf
block triangular and associated with an eigenvalue pair Ay, —A; with nonzero real
part for k = 1,..., p and purely imaginary eigenvalues iay for k= pu+1,..., 0+ v.
Furthermore, A(R) = w and rangeS[é] =L.

For this block diagonal form there exists a block permutation matrix P such that

Furthermore, the blocks are reordered such that Hy := [ ] is Hamiltonian

PHJP - diag(an ceey Jn,l,; Jm17' L) Jmu) = j?
(3.4) PISTIHSP = diag(Hy, ..., Hy; Hyy1, oo Hug).

Suppose that there exists another Lagrangian invariant subspace fJ corresponding to
w. Using the same argument, there exists a symplectic matrix S such that for the
same block permutation matrix P we have

P IS YHSP = diag(Hy, ..., Hy; Hyrs oo Huyo),

where again all H; are Hamiltonian block triangular and A(f[k) = A(Hy) for all
k =1,...,1 4 v. Therefore, we have SP = SPE for some block diagonal matrix
& =diag(En, ..., E,4,) satisfying Hy By, = E,H,. Since P2 JP = J and since S and
S are symplectic, it follows that & = P~1S~1SP satisfies £ JE = J, which implies
that all blocks Ej, are symplectic. Since S = SPEP !, the difference between S and
S (and therefore L and L) is completely described by the first half of the columns
of the symplectic matrices Fy, i.e., the Lagrangian invariant subspaces of the small
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Hamiltonian matrices Hy, (note that all H are Hamiltonian block triangular). Fol-
lowing this argument, it is sufficient to parametrize all possible Lagrangian invariant
subspaces of a Hamiltonian matrix with either a single purely imaginary eigenvalue
io or a single eigenvalue pair A\, —\ with Re A # 0.

Consider first the case of a single purely imaginary eigenvalue. In this case Q(H)
has only one element. So all Lagrangian invariant subspaces are associated to the
same eigenvalue.

To simplify our analysis we need the following Hamiltonian Jordan form.

LeEMMA 3.3. Let H be a Hamiltonian matriz that has only one eigenvalue ic.
Then there exists a symplectic matriz S such that

. g1 _ | N(ia) D
(3.5) R:=8 "HS = 0 _N(ia)" |’
where N = diag(Ny,, ..., N, ), D = diag(Dx, ..., Dy). Here either Dj = [5e,, eg, 50
that H has a Jordan block N, with structure inertia index 5 € {1,-1}, or D; =

H, = H - 1 ritdiEt . 1 ritdj
Tj€d,ep, FTjer €q with 7; = 3(=1)"72if; ifrj+d; is odd, and 7 = 5(=1)"="f3;

if rj + dj is even for some B; € {—1,1}, so that H has two Jordan blocks Ny, 14,
N, —q; with structure inertia indices B;, —3;, respectively.

Proof. Since H — iad is Hamiltonian, we may without loss of generality (w.l.o.g.)
consider the problem with o = 0, i.e., H that has only the eigenvalue zero. Since
‘H has only one multiple eigenvalue, the columns of every nonsingular matrix span a
corresponding invariant subspace so that condition (iii) of Theorem 2.2 holds. The
canonical form (3.5) then is obtained in a similar way as for (2.3); see [19]. The
only difference is that here we match all possible pairs of Jordan block with opposite
structure inertia indices in such a way that even blocks are matched with even blocks,
and odd blocks with odd blocks, and furthermore the blocks are ordered in decreasing
size. Finally we use the technique given in Lemma 3.1. 0

The complete parametrization is then as follows.

THEOREM 3.4. Let 'H be a Hamiltonian matriz that has only one purely imaginary
eigenvalue. Let S be symplectic such that STVHS is in Hamiltonian canonical form
(3.5). Then all possible Lagrangian subspaces can be parametrized by range SU, where

rl;, 0 .. 0 0 0 0 0 7
0 V12 PR Vlyp_1 le W11 - Wl,p—l Wlp
0 Iy ... 0 0 0 0 0
0 0 ... Vap_1 Vo Wi Wap Wap
0 0 It, 0 0 0 0
0 0 0 Vo—1,p Wlf,Ip—l v Whoip—1 Wyt
0 0 0 Iy, 0 0 0
(3.6) U = 0 0 0 0 wit e WEL Wp ,
0 0 0 0 0 0 0
0 0 0 0 I, 0 0
0 0 0 0 1% 0 0
0 0 0 0 Vit 0 0
0 0 0 0 0 I, 0
0 0 0 0 v Vpﬂjm 0
L 0 0 0 0 0 —I
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with block sizes 0 < s5,t; <r; and s; +1tp =r;. Then, setting

Mt = diag(Ntl, e 7Nt )7
M, = diag(Nsu .- '7Nsp)7

- H H
E = diag(es, ey, ..., e €1 ),

partitioning the Hermitian blocks

_| G F;
b= 1]

and setting

K = diag(K,..., K,),
F = diag(Fy, ..., F),
G = diag(Gl, .. .,Gs)7

it follows that the block matrices

0 Viag ... Vi,
.. .. : Wi Wip
V= I ' , W= Do =wH
Vo-1p Wfp N
0
satisfy
M, FH wovy o[ wov[Mtoo
0 M vHE 0 vHE 0 F M,
WV 0 EH WV K 0
(3.7) _[VH OHE GHVH 0]_[0 0}_0’

or equivalently V., W satisfy

(3.8) 0= M,V —VM, - VEV,
0= (M, - VE)W +W(M, - VE)?
(3.9) + (VP! 4 VF-VGVHE - K.

Every Lagrangian invariant subspace is uniquely determined by a set of parameters
ti,...,tp with 0 <t; <r; and a set of matrices V; ;,1=1,...,p—1,j=1i+1,...,p,
and Wi, i=1,...,p, j =1,...,p, satisfying (3.8) and (3.9).

Moreover, all symplectic matrices that transform H to Hamiltonian block triangu-
lar form can be parametrized as SUY, where Y is a symplectic block triangular matriz,
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U =[U,U], with U as in (3.6), and

T o0 0 0 0 0 0 0 0
0 0 0 0 I, O 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 I 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 I,, O
0 0 0 0 0 0 0 0
> 0 0 0 0 0 0 0 I
(3.10) U= I, 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 I 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 I,., 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 I, 0 0 0 0
L 0o o 0 0 0 0 0 0

Proof. Asin Lemma 3.3, we assume that the only eigenvalue of H is zero. Consid-
ering the form (3.5), it is sufficient to prove that every basis X of a Lagrangian invari-
ant subspace of R can be expressed as X = UY. To prove this, we first compress the
bottom square block of X, i.e., we determine a matrix Y7 such that XY; = [XO“ ﬁ;]
where Xoo has full column rank. Obviously Xi; also has full column rank. Then,
since X7 is still a basis of an invariant subspace of R, the block triangular form of R
implies that the columns of X717, and Xo5 form bases of the invariant subspace of N and
—NH_ respectively. Applying Lemma 3.2, there exist matrices Z; and Z, such that

U1 = X11Z1 and Usg := X99Z5 have structures as the matrices in (3.1) and (3.2)

associated with the integer parameters ¢1,...,%, and t,... , tp, respectively. Now let
U:=XY", [Zol ZOQ]YQ = [Uél g;z], where Y5 is used to eliminate the blocks in X575

using the identity blocks in U; ;. Since X, and hence also U, is Lagrangian, we have
that U{f Uy = 0. Thus, we have fj =m;—t;=:s;forallj=1,...,pand f/” = Vﬁ
foralli=2,...,p,j=1,...,p—1. Since Uf4Uy, is Hermitian, it follows that Uy has
the desired form. To prove (3.7), as in the proof of Lemma 3.2, there exists a block
permutation matrix P such that P[Uyq, U1a] = [é V?,] Let P = diag(P, P), which is
symplectic. Then

I 0 M, E @G F
s VW = 1.~ | 0 M, FH K
PU=\ o yu |» PRP=1 ¢ -N2 0

0 —I 0o 0 -—-pH —_NH

Since the columns of PU form an invariant subspace for P~1RP, it follows that the
matrices V, W satisty (3.7). Conditions (3.8) and (3.9) follow directly from (3.7).
To show the uniqueness of a particular Lagrangian invariant subspace, suppose that
there are two matrices Uy, Us of the same form as U such that range SU; = range SUs.
Then UH JU; = 0, and from this it follows first that the associated integer parameters
t1,...,t, must be the same, and thus all the blocks V; ;, W; ; must be the same.

To prove the second part, let X be a symplectic matrix which triangularizes H.
Since the first n columns of X form a Lagrangian invariant subspace, there exists
a matrix U of the form (3.6) such that rangeX[ﬂ = rangeSU. Then the matrix
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U = [U,U] with U as in (3.10) is symplectic. Since both X and SU are symplectic
and their first n columns span the same subspace, there exists a symplectic block
triangular matrix ) such that X = SU). 0

These results show that the parameters that characterize a Lagrangian invariant
subspace are integers ¢; with 0 < ¢; < m;, and the matrices V; ;, W; ; satisfying the
Riccati equations (3.7) or, equivalently, (3.8) and (3.9). Note that the equation for W
is a singular Lyapunov equation. The equation for V is quadratic. But if we consider
it blockwise, it is equivalent to a sequence of singular Sylvester equations,

j—1
(3.11) NoVij=ViiNe, = > VirEVij =0

k=i+1
fori=p—1,...,1, =i+ 1,...,p. For results on nonsymmetric Riccati equations,

see [10].

In general not much more can be said about this parametrization. In the special
case of a Hamiltonian matrix H that has only two Jordan blocks, we have the following
result.

COROLLARY 3.5. Consider a Hamiltonian matriz H that has exactly two Jordan
blocks Ny, (ia), Ny, (i) with 0 < ro < 71 and the corresponding structure inertia

indices 1 = —(B2. Then there exists a symplectic matriz S such that
- Np, (i) D
1 _ m
STHE=1""0 " N (i)H |

where m = (r1 +12)/2, d = (r1 —r2)/2, and D = teqell + Fe, el and 7 = +i/2 if
r1 is odd and T = £1/2 if ro is even. All Lagrangian invariant subspaces of H can be
parametrized by

range S

o o oM

0
w
0
—I,

and all symplectic matrices that transform H to Hamiltonian block triangular form
can be parametrized as

0
w
. Y,

o o of
oo o
cofto

I
where Y is symplectic block triangular, d <t < m, t+s=m, W = W satisfying
(3.12) NW +WNH =0,

which has infinitely many solutions for every s > 0.

Proof. Note that ry + ro is the size of the Hamiltonian matrix H, which must be
even. So r1 and ro must be both even or odd. The canonical form and the form of
the parametrization follow directly from Theorem 3.4 by setting there p = 1. So we
need to prove only that d <t < m and that (3.12) holds. For p = 1, (3.8) reduces to

NW +WNH = K,
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where K is the trailing s x s block of D. Then K = 0 if t > d (s < ry) and
K = teq_ell + %eseé{t ift <d(s>rg). If t > d, then the singular Lyapunov
equation has infinitely many Hermitian solutions W; see [11, 14]. If ¢ < d and rq, ro
are both even, then it follows that 7 # 0 is real. By comparing the elements, it follows
that the Lyapunov equation has no solution. The same conclusion follows for the case
that r1, ro are both odd. Consequently W exists if and only if d <t < m. ]

In this simple case the parameters are completely given. But more importantly
this result also gives a sufficient condition that a Hamiltonian matrix has infinitely
many Lagrangian invariant subspaces.

COROLLARY 3.6. If a Hamiltonian matriz H has exactly one eigenvalue i and
has at least two even-sized or two odd-sized Jordan blocks with opposite structure
inertia indices, then H has infinitely many Lagrangian invariant subspaces.

Proof. We may assume w.l.o.g. that the two (even or odd) Jordan blocks are
arranged in trailing position of R in the canonical form (3.5). Choosing t; = r; for
all 7 =1,...,p— 1 implies that all V; ; are void, W = W, ,,, and

I 0 0
0 I, 0

U=10 0 W,
0 0 0
0 0 I,

By Corollary 3.5 there are infinitely many Lagrangian invariant subspaces (that
are parametrized by W, ) for the small Hamiltonian matrix

| Nm,(ia) D,
Ho=170 7 N ()" |
and hence there are also infinitely many Lagrangian invariant subspaces for H. |

This corollary shows that to obtain a unique Lagrangian invariant subspace, all
structure inertia indices of H must have the same sign. Moreover, by Theorem 2.2
this also implies that H has only even-sized Jordan blocks. In the next section we
will prove that this is also sufficient.

In order to complete the analysis we need to study Hamiltonian matrices H that
have only two eigenvalues A, —\ that are not purely imaginary. If H € C?™2"  then
the algebraic multiplicities of A\, —\ are both n, and hence Q(H) consists of n + 1
selections w(m), m = 0,...,n, where w(m) contains m copies of A and n —m copies
of —\.

It follows from Theorem 2.2 that in this case there exists a symplectic matrix S
such that

ol | N
(3.13) R:=8 "HS = 0 _NO)E |
where N(A) = M + N, N = diag(N,,,..., N, ).

For every w(m), 0 < m < n, the parametrization of all possible Lagrangian
invariant subspaces can be derived in a similar way as in the case of purely imaginary
eigenvalues.

THEOREM 3.7. Let H € C?"*2" be a Hamiltonian matriz that has only eigenval-
ues A\, —\ which are not purely imaginary. Let S be a symplectic matriz that trans-
forms H to the form (3.13). For every selection w(m) € Q(H) all the corresponding
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invariant subspaces can be parametrized by range SU, where U has the form

L, 0 ... 0 0 0 0 0 0
0 Vis ... Vipr Vi, O 0 0 0
0 I, 0 0 0 0 0 0
0 0 Vopr Ve, O 0 0 0
0 0 L., 0 0 0 0 0
0 0 0 Vi, 0 0 0 0
0 0 0 I, 0 0 0 0
0 0 0 0 0 0 0 0
B1) g 0 0 0 0 0 0o |
0 0 0 0  —I, 0 0 0
0 0 0 0o VA 0 0 0
0 0 0 0 0 -1, 0 0
0 0 0 0 Vi, VH_, 0 0
0 0 0 0 0 0 I, 0
0 0 0 0 Vi v Vi, 0
L0 o 0 0 0 0 I, |

with 0 < sj,t; <1y, s;+t; =r;, and 335_, t; = m. If we set

M, = dia’g(Nt17 ooy Ny )v

p

M, = diag(Ns,,...,Ns,),

E = diag(etle{[, o ,etpef),
then the matriz
0 Vio ... Vip
V.=
V;n*l,p
0

must satisfy the Riccati equation
(3.15) 0=M,V-VM,—VEV.

Every Lagrangian invariant subspace associated with w(m) is uniquely determined by
a set of parameters {t1,...,t,} with 0 < t; < r; and Z§=1 tj = m and a set of
matrices V; j, i=1,...,p—1, j=1i+1,...,p, satisfying (3.15).

Moreover, all symplectic matrices that transform H to Hamiltonian block tri-
angular form can be parametrized by SUY, where Y is symplectic block triangular,
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U = [U,U] with U as in (3.10), and

0 0 0 0 0 0 0 0
0 0 0 0 I, 0 0 0
0 0 0 0 0 0 0 0
0 0 0o 0 0 I, 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 L, 0
0 0 0O 0 0 0 0 0
g_| 0 o0 0O 0 0 0 0 I
I, 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 I, 0O 0 0 0 0 0
0 0 0O 0 0 0 0 0
0 0 .. I, 0 0 0 0
0O 0 ... 0 0 0 0 0 0
0 0 0 I, 0 0 0 0
L0 0 0O 0 0 0 0 0 |

Proof. 1t is sufficient to consider the Lagrangian invariant subspaces of R in
(3.13). Let the columns of X span a Lagrangian invariant subspace of R associated
with w(m). Then RX = X A and A(4) = w(m). Since X # —\, there exists a matrix

Y such that Y 1AY = [‘%1 fz], where A; is m x m and has only the eigenvalue

A and Ay is (n — m) x (n — m) and has only the eigenvalue —\. If we partition
XY = [i((; gi] conformally with Y =AY | then from the block diagonal form of R
we obtain X12 = 0, Xo; = 0 and N(A\)X1; = X1141, —N(A\)H Xg = Xo 45, since
X11, X9o must have full column rank. We apply Lemma 3.2, and then the result
follows as in the case of purely imaginary eigenvalues. 0

The parametrization in this case is essentially the same as in the case of purely
imaginary eigenvalues except that here W is void and Z§=1 t; is fixed for a given
w(m). In both cases the blocks V; ; still satisfy a sequence of Sylvester equations
(3.11).

Again we have a corollary.

COROLLARY 3.8. Let H € C?"*2" be o Hamiltonian matriz that has only the
eigenvalues X, —\ which are not purely imaginary. If H has exactly two Jordan blocks
with respect to A, then for every fixzed w(m) € Q(H) the corresponding Lagrangian
invariant subspaces can be parametrized as

[

coococo oo
coococoi<o
N
< |
wNooooo
coococooco

0 —1,

~

where t1 +ta =m, t; +s; =71, and 0 < tj,5; <r; for j =1,2.
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Furthermore, V. = [0,T] if s1 < ty and V = [g] if s1 > to, where T is an
arbitrary square upper triangular Toeplitz matriz. So for every w(m) with 0 < m <n
there are infinitely many Lagrangian invariant subspaces.

Proof. Applying Theorem 3.7 for p = 2 we obtain the parametrization and the
restrictions for t;,¢3. The expression for V follows from the fact that V' satisfies the
Sylvester equation Ny, V — V Ny, = 0. 0

In this special case we have the following uniqueness result.

COROLLARY 3.9. Let H € C?X2" be a Hamiltonian matriz that has only the
eigenvalues X, —\ which are not purely imaginary. Then we have the following:

(i) For w(0) or w(n) the corresponding Lagrangian subspace is unique.

(ii) If H has only a single Jordan block with respect to X\, then for every fized
w(m) € Q(H) with 0 < m < n the corresponding Lagrangian invariant sub-
space is unique. In this case there exists a symplectic matriz S such that
(3.16) ST'HS = { ]g ZH } ,

with R = diag(Nyp(A), =Np—m (M), D = epell 1 + emprell.

(iii) If H has at least two Jordan blocks with respect to A\, then for every fized
w(m) € Q(H) with 0 < m < n there are infinitely many corresponding La-
grangian invariant subspaces.

Proof. (i) For w(0) all ¢£; must be zero, so U = [_(}n] is unique. Analogously, for

w(n) the unique Lagrangian invariant subspace is U = [7].

(ii) By assumption p = 1, so for a fixed w(m), U is unique as

Ly,
0
0

*In—m

Then (3.16) follows from (3.13) and the special form U for p = 1.

(iii) In this case we can choose the integers ¢; such that ¢; < r; and ¢, > 0. We
set V;; = 0 except for Vy ,, which is chosen to satisfy N, Vi, — Vi, Ny, = 0. Since
s1,tp > 0, there are infinitely many solutions Vi , and, hence, infinitely many U. ]

In the next section we will use the parametrizations to characterize the existence
and uniqueness of Lagrangian invariant subspaces.

4. Existence and uniqueness of Lagrangian invariant subspaces. In this
section we summarize all results given in the previous sections and give a complete
characterization of the existence and the uniqueness of Lagrangian invariant subspaces
for a Hamiltonian matrix. This complete result includes previous results based on the
structure inertia indices of [23, 25].

THEOREM 4.1 (existence). Let H € C?"*2" be a Hamiltonian matriz, letiay, . . .,
ioy, be its pairwise distinct purely imaginary eigenvalues, and let A1, —\1, . . ., Aus ff\u
be its pairwise distinct nonimaginary eigenvalues. The following are equivalent:

(i) H has a Lagrangian invariant subspace for one w € Q(H).

(ii) H has a Lagrangian invariant subspace for all w € Q(H).

(iii) There exists a symplectic matriz S such that STYHS is Hamiltonian block

triangular.

(iv) There exists a unitary symplectic matriz U such that UFHU is Hamiltonian

block triangular.
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(v) For allk =1,... v, if Uy span the invariant subspace associated with iy,
then U,fIJUk is congruent to Jo,, .
(vi) Ind%(ioy,) is void for allk =1,... v.
Proof. This result in different notation is known; see [19, 23, 24, 25]. |
THEOREM 4.2 (uniqueness for Q(H)). Let H € C*"*2" be o Hamiltonian ma-
trixz. Let taq,...,iq, be its pairwise distinct purely imaginary eigenvalues and let
A, =M., Aus ff\# be its pairwise distinct nonimaginary eigenvalues. Suppose that
any of the equivalent conditions of Theorem 4.1 for the existence of Lagrangian in-
variant subspaces holds. Then the following are equivalent:
(i) For every w € Q(H) there exists a unique associated Lagrangian invariant
subspace.
(i) If w € Q(H) and if Sy and Sy are symplectic matrices such that Sy *HS, =
[%1 _%1{{}, Sy THS, = [%2 _%25}, and A(R1) = A(Ry) = w, then S; 'Sy is
symplectic block triangular.
(iii) There exists an w € Q(H) such that H has a unique associated Lagrangian
invariant subspace.
(iv) There exists anw € Q(H) such that if Sy and Sy are symplectic matrices satis-

fying SRS = [ P, 85 HSy = [T ] and A(Ry) = A(Ry) = w,

then 81_182 is symplectic block triangular.

(v) Let [‘g _iH} be an arbitrary Hamiltonian block triangular form of H. If
for a purely imaginary eigenvalue iay, the columns of @ form a basis of the
left eigenvector subspace of A, i.e., A = iap @i, then @ By, is positive
definite or negative definite.

(vi) For every purely imaginary eigenvalue icy, there are only even-sized Jordan
blocks which, furthermore, have all structure inertia indices of the same sign.

If the uniqueness conditions do not hold, then for every w € Q(H) there are infinitely
many Lagrangian invariant subspaces. They can be parametrized by applying Theo-
rem 3.4 for every iay.

Proof. The proof of the equivalence of (i) and (vi) has been given (in different
notation) in Theorem 1.3 of [25]. For completeness we give the whole proof in our
terminology. By the argument in section 3 it suffices to consider a Hamiltonian matrix
‘H that has either a single purely imaginary eigenvalue i« or an eigenvalue pair A and
— ). In the first case we again take i = 0.

Since by Corollary 3.9 for nonimaginary eigenvalues the corresponding invari-
ant subspaces are unique, we need to consider only the case of a purely imaginary
eigenvalue.

The proofs of (i) < (ii) and (iii) < (iv) are obvious. Corollary 3.6 implies that
(ii) = (vi). If (vi) holds, then by Theorem 2.2 there exists a symplectic matrix S
such that

o —1 _ R D
(4.1 R=S§ HS—[O RH},
where R = diag(Ny,, ..., Ny,) and D = S diag(ey, e/, ..., elqefql). (Recall that ia = 0.)
We need to prove only that for every symplectic Z satisfying Z7'RZ = [}g‘ _gg }, Z
is block triangular. Partitioning Z = [21 Zﬂ, it follows that

(4.2) RZyy + DZy = Z11R
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and
(4.3) —R¥ 7y = Zy1R.

Suppose that Zs; # 0; then by (4.3) it follows that range Zo; is an invariant
subspace of —R¥ . Hence, there exists a vector = such that Zo1z # 0 and

(4.4) RH Zy1x =0,

i.e., Zyiw is a left eigenvector of R. Multiplying (Zo12)" and = on both sides of (4.2)
and using (4.4), we get

(Zopnx)AD(Zy12) = —2" ZH 7, Ra.
Since Z is symplectic, we have ZH 7, = ZH Z,;. Combining (4.3) and (4.4), we get
eHZB 7 Re = 2" 28 750 Ax = 2P ZERH 75120 = 0
and, therefore,
(Zon )" D(Zyz) = 0.

On the other hand, since Zsiz is a left eigenvector of R, by the structure of R
there must exist a nonzero vector y such that Zy;x = Ey, where

(4.5) E:=lep,....ep)
with pg = Z?:l ljfor k=1,...,q. But E¥ DE = BI, and hence
0= (Znz)"D(Znz) = y" E" DEy = By"y # 0,

which is a contradiction.

(i) = (iii) is obvious and (iii) = (i) follows from (iii) = (vi) by Corollary 3.6 and
(vi) & ().

To prove (vi) = (v) let R = [’3 _EH] be an arbitrary Hamiltonian triangular
form of H and let R be as in (4.1). Since (vi) holds and (vi)< (ii), there exists a

symplectic block triangular matrix § = [Sol S?QH] (see [5]) such that R = S™'RS.

Hence S;'RS; = A and B = ST RSy + S;' DSy + SHRH S, Since A is similar
to R, a left eigenvector subspace of A can be chosen as ® = S/ E, where F is as in
(4.5). Then a simple calculation yields ®# B® = 3I,,.

For (v) = (vi) suppose that R = [‘3 _i)’—[} satisfies (v). Using the same argument

as for (vi) = (ii) and replacing R by R we obtain that (v) = (ii). Since (i) < (vi),
it follows that (v) also implies (vi). a

THEOREM 4.3 (uniqueness for Q(H)). Let H € C?"*2" be a Hamiltonian ma-
trixz. Let iaq, ..., iq, be its pairwise distinct purely tmaginary eigenvalues and let
A, =M, Aus fj\u be its pairwise distinct nonimaginary eigenvalues. Suppose that
any of the equivalent conditions of Theorem 4.1 for the existence of Lagrangian in-
variant subspaces holds. Then the following are equivalent:

(i) For every w € QUH) there exists a unique associated Lagrangian invariant

subspace.
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(i) Let w € Q(H). If S1 and Sy are symplectic matrices such that Sy HS, =
[Fél 7%1{;}, 82_17'{82 = [%2 7%25}, and A(Ry) = A(R3) = w, then 81_182 18
symplectic block triangular.

(iii) There exists anw € Q(H), but w & Q(H), such that H has a unique associated
Lagrangian invariant subspace.

(iv) There exists an w € Q(H), but w & Q(H), such that if Sy and Sy are sym-

plectic matrices satisfying S; *HS; = [%1 7[1)%1H}, Sy YHS, = [%2 7%24, and
1 2

A(Ry) = A(Ry) = w, then Sy 'Sy is symplectic block triangular.

(v) Let [’3 75}—[] be an arbitrary Hamiltonian block triangular form of H. Then

either A has one of A\, —\j as its eigenvalue and has a unique corresponding
left eigenvector, or A has both A\, —\i, as eigenvalues and has unique corre-
sponding left eigenvectors xy, and yy, such that x¥ Byy # 0. Furthermore, for
every iy if the columns of @i form a basis of the left eigenvector subspace of
A, ie., <I>kHA = iakq)kH, then <I>,CHB<I>;~C is positive definite or negative definite.
(vi) For every monimaginary eigenvalue, H has only one corresponding Jordan
block, and for every purely imaginary eigenvalue iay, H has only even-sized
Jordan blocks with all structure inertia indices of the same sign.
If the uniqueness conditions do not hold, then for every w € Q(H) there are infinitely
many Lagrangian invariant subspaces. They can be parametrized by applying Theo-
rem 3.4 for every iay, and Theorem 3.7 for every pair Ay, — M.

Proof. The proof of the equivalence of (i) and (vi) has again been given (in
different notation) in Theorem 1.3 of [25]. For completeness we again give the whole
proof in our terminology.

By the argument in section 3 it suffices to consider that the Hamiltonian matrix
‘H has only either a single purely imaginary eigenvalue i or an eigenvalue pair A and
—\, and in the first case we will assume i = 0. For the purely imaginary eigenvalue
the proof is as that of Theorem 4.2. Hence, consider H with an eigenvalue pair A, —\.
The parts (i) < (ii) and (iii) < (iv) are obvious. (i) < (vi) follows from Corollary 3.9.
(i) < (iii) follows, since (iii) = (vi) and (vi) & (i), and since w ¢ Q(H) implies
that both A and —\ have been chosen in w. It remains to prove (v) < (vi). We may
assume that both A, —X are in A(A), since otherwise w € Q(H).

For (vi) = (v) let R = [’g _EH] be an arbitrary Hamiltonian triangular form
of H. Since (vi) holds, by (3.16) in Corollary 3.9 the Hamiltonian canonical form is
R= [10{ 72;1], where R = diag(N;(\), —Ns(A\)¥), D = ejefl | + e;11ef!, and t is the

multiplicity of X in A(A). By (ii) there exists a symplectic matrix S = [Sol S€2Hj| such
1

that R = S~'RS. Hence S;'RS; = A and B = S RSy + S;' DSy + SHRHSH.
If only one of A,—\ is in A(A), then, since A is similar to R, it is also in A(R).
Hence, either ¢ =0 or s = 0 and R (and thus also A) has only one corresponding left
eigenvector. If both A, —X are in A(A), then s, > 0. In this case R has only left
eigenvectors e; and e, with respect to A and —\, respectively. Therefore, A also has
only left eigenvectors Sfe; and SHe;,; for A and — )\, respectively. Then it is easy to
see that ef1S;BSie;11 = e Degyq = 1.

For (v) = (vi), if A has only one of A, —\ as its eigenvalue and has a unique left
eigenvector, then A also has only one right eigenvector. Since A(A) N A(—AH) =0,
in this case R has also a unique corresponding right eigenvector. Therefore, there
is only one corresponding Jordan block. By the canonical form (3.13) for the other
eigenvalue there is also only one Jordan block. If A has both A, —\, then we first show
that for left eigenvectors z,y of A such that 2 By # 0, condition (ii) holds. Then we
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show that z,y must be unique. As in the proof of Theorem 4.2 we need only prove
that for every symplectic matrix Z satisfying Z-1RZ = [R D ] A(R) = A(A) it

0 —RH
follows that Z is block triangular. Partitioning Z = [g; g;z], it follows that
(4.6) AZ\1 + BZy = ZHR

and
—A" 75 = Zo1 R.

Suppose that Zy; # 0; then range Zy; is an invariant subspace of —A”. Hence there
exists z1, with either Rz1 = —\z or Rzl = Az such that Z3;2z; # 0, which implies
that Zy12; is the left eigenvectors of A corresponding to A or —\. W.l.o.g., assume
that z; satisfies Rz; = —Az;. Let zp # 0 satisfy 28/ A = —XzZ. Multiplying 24
and z; on both sides of (4.6), a simple calculation yields 2/ B(Z3122) = 0, which is a
contradiction.

Suppose that x,y are not unique. Then let X form the left eigenvector subspace
of A with respect to X\. Since X By has more than one row, there always exists
a vector z such that zf X By = 0, which is a contradiction. So x and y must be
unique. 0

Remark 2. For real Hamiltonian matrices it is reasonable to consider real La-
grangian invariant subspaces. For this problem we have to give a natural additional
restriction on the eigenvalue selections. Note that in this case if A is a nonreal eigen-
value of H, then )\, —\, and —\ are also eigenvalues of H. To obtain real invariant
subspaces it is necessary to keep the associated eigenvalues in conjugate pairs. So if
we choose a nonreal A we must choose A\ with same multiplicity. But essentially we
can use the same construction as for the complex case to solve this problem (see [19]),
since if H is real, then for real eigenvalues the corresponding invariant subspaces can
be chosen real. So for these eigenvalues we can still use Theorems 3.7 and 3.4 by
choosing V' and W real.

In this section we have given necessary conditions for the existence and uniqueness
of Lagrangian invariant subspaces. In the following section we obtain as corollaries
several results on the existence and uniqueness of Hermitian solutions of the algebraic
Riccati equation.

5. Hermitian solutions of Riccati equations. In this section we apply the
existence and uniqueness results for Lagrangian invariant subspaces to analyze the
existence and uniqueness of Hermitian solutions of the algebraic Riccati equation

(5.1) ATX + XA - XMX +G =0,

with M = M¥ and G = G¥. The related Hamiltonian matrix is H = [é _JXH]. The
following result is well known; see, e.g., [15].

PROPOSITION 5.1. The algebraic Riccati equation (5.1) has a Hermitian solution
if and only if there exists a 2n X n matric L = [Ll], with L1, Ly € C™*™ and L

L
invertible, such that the columns of L span a Langngian invariant subspace of the
related Hamiltonian matriz H associated to w € Q(H). In this case X = —LoL7" is

Hermitian and solves (5.1) and A(A— MX) =w.

It follows that we can study the existence and uniqueness of solutions of algebraic
Riccati equations via the analysis of Lagrangian invariant subspaces of the associated
Hamiltonian matrices.
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Unlike the Lagrangian invariant subspace problem, which only depends on the
Jordan structure, Hermitian solutions of the Riccati equation depend further on the
top block of the basis of the Lagrangian invariant subspace and the choice of the
associated eigenvalues. In other words, for a given Hamiltonian block triangular
form R, all Hamiltonian matrices which are similar to R have Lagrangian invariant
subspaces, while for Riccati equation solutions these Hamiltonian matrices may be
partitioned into three groups which (i) have Hermitian solutions for all selections
Q(R), (ii) have Hermitian solutions for some w € €2(R), (iii) have no Hermitian
solution for any w € Q(R).

Ezxample 1. Consider three Riccati equations with matrices

(i 0 1 —1—1 0 0
(a)A__o 1}’ M_[lJri 0 ] G_[o 0]’
(i 0 1 —1—1 0 0

By A=1, 1}’ M:[—1+i —2 ] G:[o 0]’
i 0 (00 I e B Y

() A= —1]’ M‘[o 0}’ G_{—l—i 0 }

In all three cases the related Hamiltonian matrices have the same Hamiltonian Jordan
canonical form

i 01 0
01 0 0O
00 ¢« 0 |’
0 00 -1

and Q(H) = {w1,wa} with wy = {i,1}, wy = {i,—1}. Certainly for both wy, wy all
Hamiltonian matrices have a unique Lagrangian invariant subspace. But the Hermi-
tian solutions of the Riccati equation are different. In case (a) for wy the solution is
X =0 and for wy there is no solution. In case (b) for wy the solution is 0 and for wsy
the solution is X = [8 701]' In case (c) for both w; and wy there is no solution at
all. It is also possible that the Riccati equation has no Hermitian solution, while the
related Hamiltonian matrix has infinitely many Lagrangian invariant subspaces.

Ezxample 2. For

00 0 1
=[] o[V

the Riccati equation (5.1) has no solution. But for the associated Hamiltonian matrix
the bases of the Lagrangian invariant subspace can be parametrized as

—ig 0 0 ~ 0 1
-1 0 0 0 00
o 1 |’ 01| 00|
a iB 10 10

where «, (3, are real.

By using the parametrizations in section 3 we can give a necessary and sufficient
condition for the existence of the Hermitian solutions of the Riccati equation (5.1).
Note that for the solvability of the Riccati equation it is necessary that the Hamilto-
nian matrix H associated to (5.1) has a Hamiltonian block triangular form. So there
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exists a symplectic matrix S such that

(5.2) STIHS = [ (- }
with R = diag(Ru, .., Ry Rusts- .o Russ), D = diag(0, . .,0; Dpsrs s Dusy). A

submatrix Hy := [%’“ _ng} has the Jordan form (3.13) with respect to the eigenvalues

Xk, =M for k= 1,..., u, and a submatrix Hy, := [%’“ f;;};] has the Jordan form (3.5)
k

with respect to tag—, for k= p+1,..., 0+ v.

THEOREM 5.2. Let ‘H be the Hamiltonian matriz associated with the algebraic
Riccati equation (5.1) and assume that H has a Hamiltonian block triangular form.
Let S be a symplectic matriz satisfying (5.2) and let P be a permutation matriz such
that

PISTYHSP = diag(Hy, ..., Hys Hyvns oo Huy),
(5.3) PHIP = diag(Jnys-- - Inpi Jmas -« - I )s

where Hy, = [Fg" 7%5]. Then for an eigenvalue selection w € Q(H), the Riccati

equation (5.1) has a Hermitian solution X with A(A— M X) = w if and only if there
exist matrices Uy, ..., U, and Q1,...,Q, with the following properties. The matrices
Ui are 2ny, X ng and have the block form (3.10) with blocks satisfying (3.15) and the
matrices Qi are 2my X my and have the block form (3.6) with blocks satisfying (3.8)
and (3.9) such that

(5.4) Ly :=[I,,,0]SPdiag(Us,...,U,; Q1,...,Qu)

is nonsingular.

Moreover, X = —[0,1,]SP diag(Us, ..., Uu; Q1, ..., Q. )L ",

Proof. Since H has a Hamiltonian block triangular form, we have (5.2) and P
can easily be determined to obtain (5.3). A given w specifies the number elements
Ak, —Ak, and hence by Theorems 3.7 and 3.4 we obtain the parametrizations for the
bases of the associated Lagrangian invariant subspaces of H. Thus by Proposition 5.1
we have the conclusion. O

Remark 3. If in the Hamiltonian matrix H = [é j;[H] the matrix M is positive or
negative semidefinite, then the invertibility of L; in (5.4) is ensured by a controllability
assumption; see Theorem 3.1 and Remark 3.2 in [9] or [15] for details. If (5.1) has a
Hermitian solution with respect to a selection w, then the uniqueness follows directly
from the uniqueness results for Lagrangian invariant subspaces.

THEOREM 5.3. Let X = X be a Hermitian solution of (5.1) with A(A—MX) =
w. Then X associated to w is unique if and only if the related Hamiltonian matriz 'H
has a unique Lagrangian invariant subspace associated to w. Moreover, in this case
if w € Q(H), then for every selection in Q(H) for which the associated Hermitian
solutions exists, it is unique.

If the uniqueness condition for the Lagrangian invariant subspaces of H does not
hold and if (5.1) has at least one Hermitian solution associated with a selection w,
then (5.1) has infinitely many Hermitian solutions associated to w.

Proof. The uniqueness conditions for the Hermitian solutions follows from the
equivalence of (i) and (iii) in Theorems 4.2 and 4.3.
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If (5.1) has a solution X associated to an w, following Theorem 5.2, there must
be two sets of matrices Uy,...,U, and Q1,...,Q, such that for

. L
L =8Pdiag(Ui,...,Uu;Q1,...,Q,) = { L; }

Ly is nonsingular and X = ngLl_l. If the uniqueness condition for H does not
hold, then for at least one pair Az, —\; or one purely imaginary eigenvalue iaj, the
uniqueness condition does not hold. In the case of a pair A, —\, by Theorem 3.7 the
parameters si,. .., s, cannot be all zero. So the matrix V' cannot be void and satisfies
(3.15) or equivalently (3.11). For every V;; the associated equation is a singular
Sylvester equation. So at least for the last V; ;, say Vi p, there are infinitely many
solutions. This means that we can choose infinitely many bases which are near to a
certain Uy. For the case of an eigenvalue ia from Theorem 3.4 again s1, ..., s, cannot
be all zero. So W cannot be void. Since W must satisfy the singular Lyapunov
equation (3.8), there are infinitely many solutions. So we can also choose infinitely
many bases which are near to a certain Q. Consequently if the uniqueness condition
of H does not hold, then there are infinitely many bases L of the Lagrangian invariant
subspaces associated to w such that ||L — L|| < ||L ]|, which implies that there are
infinitely many Hermitian solutions corresponding to such L. |

If a Hermitian solution X is known, then we can use it to verify the uniqueness.

COROLLARY 5.4. Let X be a Hermitian solution of (5.1) with A(A— MX) = w.
Let the columns of @y, k = 1,... v, span the left eigenspaces of A—M X corresponding
to iay. If @kHMCI)k is either positive definite or negative definite for allk =1,...,v,
then w € Q(H) implies that X is unique. If w ¢ Q(H), then X is unique if we
have the additional condition that for every eigenvalue pair N\, and —\; the matriz
A— MX either has one of them as its eigenvalue and has a unique corresponding left
eigenvector, or has both of them as eigenvalues and the corresponding left eigenvectors
Tk, Yk satisfy s My, #0 fork=1,...,p.

Proof. The proof follows directly from the fact that

A-MX M

1 o
SHS = 0 —(A— MX)H

=R,

where S = [_IX ?] is symplectic, and from (v) in Theorems 4.2 and 4.3. |

6. Conclusion. Based on Hamiltonian block triangular forms for Hamiltonian
matrices under symplectic similarity transformations we have given necessary and suf-
ficient conditions for the existence and uniqueness of Lagrangian invariant subspaces.
If the subspace is not unique, then we have given a complete parametrization of all
possible Lagrangian invariant subspaces. We have then applied these results to derive
existence and uniqueness results for Hermitian solutions of algebraic Riccati equations
as corollaries.
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