Two Results About The Matrix Exponential
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Abstract

Two results about the matrix exponential are given. One is to
characterize the matrices A which satisfy eAeA” = A" e, another is
about the upper bounds of trace e4eA” . When A is stable, the bounds
preserve the asymptotic stability.

1 Introduction

Let A be an n-by-n matrix, the exponential of A is defined as follows.

A2 AS OOAk
A —
e _In+A+§+§+~-_l§ﬁ. (1)

The matrix exponential plays an important role in linear control systems
and ordinary differential equations, see [1, 2, 8, 9, 11, 13] and the references
therein. However, the theoretical analysis as well as the numerical computa-
tion of e are still under investigations, see [1, 2, 5, 10]. In [1, 2], Bernstein
proposed many open problems arising from linear control systems, which
include some matrix exponential problems. Here we will consider two of
them.
Problem

. H H H
1. Ts there any nonnormal matrix such that eded” = e4 e or eded” =

eA+AT o

. H . H
2. Can we derive a bound of tracee?e?” in stead of trace eAT4" such

that when A is stable and under asymptotic case the bound can show
the stable behavior?
*Department of Mathematics, Fudan University, Shanghai, 200433, P. R. China. Cur-

rent address: Fakultat fiir Mathematik, TU Chemnitz-Zwickau, D-09107 Chemnitz, FRG.
The author is supported by Chinese National Natural Science Foundation.




Certainly the above problems are conventional when A is normal i.e.,
AAH = AH A, so we only consider the nonnormal case of A. Further it is
implicitly proved in [12] that e4e4” = eA+A™ if and only if A is normal.
We just need to consider the first part of the first problem.

We use A(A) to denote the eigenvalue set of square matrix A, |-| to
denote 2 —norm and £(X) = | X| | X ~!| for nonsingular X. we let opin(Y)
represent the minimum singular value of the matrix Y, the superscript H
and —H represent the conjugate transpose and that with inverse.

We will answer the first question in Section 2 and the second one in
Section 3. We will address our conclusion remarks in Section 4.

2 A Positive Answer For The First Problem

As commented in Section 1, the first problem has just the first part left, i.e.,
whether there is any nonnormal matrix A such that eded” = eA"eA We
will give a positive result.

Theorem 1 A matrix A € C™ " satisfies eAeA” = Al A if and only if
there is a unitary matriz () such that

A= Qdiag(Al,"'vAS)QHa (2)

where Ay, m=1,...,s are diagonalizable and
VAT N € MAm) o A" = N = 2ik5ym, for integer kY, (3)
YAm € MAm), Nj € M(Aj), m #£ 5 e # e, (4)

Proof. For sufficiency it is easy to check eAeA” = eA"eA if A can be
expressed as in (2)-(4).
For necessity, from eAeA” = A" e we get that e is normal. So there
is a unitary matrix Q such that e = QT QY , with

T = diag(p1ln, ;- - - psIn,),

M1, [2, - - -, s pairwise different, Y7, ng = n.
Since Qf AQ and T commute, we can verify that

QU AQ := diag(A1,..., A),

where Ay, is ng, X ng, and e =T, k= 1,...,s. With the property of the
exponential function, the eigenvalues of Ay must satisfy (3). Moreover Ay



must be diagonalizable, since any Jordan block in A will cause the same
order Jordan block in e4*, e. g., [3, Corollary 3.8, Theorem 3.3] or [7, Section
6.4]. The property pg # p; with k # [ implies the condition (4). 0O

Unlike the case of efteA” = eA+AH, this theorem shows that there do
exist nonnormal matrices which satisfy edeA” = eAHeA, furthermore the
structure of such matrices is quite simple. Let us look at two examples.

Example 1 2] et

Clearly the eigenvalues of A satisfy the conditions of Theorem 1 and A is
diagonalizable, so we have

H 0 e
However eAt4" = [ ] }

Example 2 Let

1 35 0 T
-2 1 -7 0

— 2
A=1 0 0 1 oz
0 0 -3 1

This is a real matrix. With simple calculations,
B . 1+ i i 1-3%i  —mi "

= Qdiag(Ty, T2)Q" = QTQY,

where

V2
©="

O O = oS,
— . OO



with 5
Ty = diag(1 + ~i,1+ 274),

2 2
Ty = diag(1 — ~i,1 - 4)
h = diag 5 b 5 0)-

So A satisfies the condition of Theorem 1, and actually we have

H H
AT _ AT A 2p

ee
but
a 0 0 p
€A+AH: 0 a -5 0
0 -6 a 0]’
6 0 0 «

where a = (>t 4+ €277, B = (2T — 2 T).
The first question is completely resolved by Theorem 1 together with the
results in [12].

. H
3 Generalized Bounds For trace efe?
The inequality . u

traceeed” < tracee 4 (5)

is well known, see [2] and the references therein. In control theory one usually
estimates trace eA’eA* when A is stable, i.e., VA € A(A) : ReX < 0. Hence
lim;, 4 o trace eAteA™t — 0. However if (5) is applied, trace eAteATt <
trace e(A+AH)t, but A+ A" may not be stable when A is nonnormal, which
means the asymptotic stability can be destroyed. Consequently in such a
case the upper bound in (5) is not good.

We try to use (5) to set up more generalized bounds and then applying
Lyapunov theory to give better estimators for trace eAeA™ which are suitable
for asymptotic stability analysis. We begin the discussions with a lemma.

Lemma 2 Let A € C™*", X = BB with B € C"*™ an arbitrary nonsin-
gular matriz. Then

trace efed” < k(X)) trace BT (AXHXAT)BTH (6)



Proof. Since X = BB,
B Y AX + XAMYB™H = B~1AB 4+ (B7'AB)".
Using (5) we have

B Y (AX+XAH)B—H

tracee
= trace eBilABJF(B?lAB)H > trace eBilABe(BilAB)H
= trace B e BB A" B = trace(BBH)_leABBHeAH
1
> omin((BBH)™1) trace eABBH A" = mtrace BBH A" A
O'mln(BBH) AH A 1 A AH
> ———~tracee” e = ————traceee
| | XX

This proves (6). O
If B =1, in (6), then the inequality is just that in (5). So the result in
Lemma 2 is more general and has the freedom of choosing the matrix B.
Now we consider the case when A is stable. At first we recall Lyapunov’s
Theorem.

Theorem 3 (Lyapunov) Let A € C"*" be stable. Then for an arbitrary
negative definite Hermitian matriz C, there exists a unique positive definite
Hermitian solution X of the Lyapunov equation

AX + XA =C. (7)

Proof. See [7, pages 96-99]. O
When A is stable, combining Theorem 3 and Lemma 2 we get the fol-
lowing results.

Theorem 4 Let A € C™*™ be stable, and let C € C™*™ be a negative definite
Hermitian matriz. Let X be the positive definite solution of the Lyapunov
equation (7), and express X as X = BBH. Then

H -1 H —H 1
traceele” < k(X)) traceeB AXFXATIBTT < (X trace eTXTC

Proof. Using the inequality in Lemma 2 we get

trace efed” < k(X)) trace BT (AXHXATBTH k(X)) trace eBTICBTH 9)



Since C' is negative definite, so is B~'CB~. We denote the eigenvalues of
C and B~'CB~H, respectively, by

0> A > =Xy 0> 1> > piy,

and denote by V; an arbitrary ¢—dimensional subspace. Using Minimax
Theorem (see [4]) we have

max 1min 2B 0Bz max min yHCy yHy
;= X = max
Hi Vi 0£z€V; g Vi o£yev; yHy y" BBHy
= max min yHHCy 'Z,Hy < ! max min @
Vi oAyev; yHy yH Xy = | X| i otyevi yfly
1
= —\, i=1,...,n.
1x] ’
Hence
B~lcB—H

tracee =

C

1
< I = trace elXI

n
Z eHi
i=1
n Ai
Z elx
i=1
Substituting this into (9) we get (8). O

Inequality (8) reflects the asymptotic stability. Actually we can get

trace e4teA”t < k(X)) trace €. (10)

When C is selected to be negative definite, then the right side of (10) tends
to zero as t — +o0.

When A + A" is negative definite, set C = A+ A in this case we have
X =1 and (8) becomes (5).

The negative definite matrix C' can be arbitrary selected in Theorem 4,
so we have the following results.

Corollary 5 Let A € C"" and D := {C|C € C™ ™, negative definite}.

Then . )
trace e“e” < inf (k(X) trace emc), (11)
CeD

where X satisfies (7) corresponding to C'.



Unfortunately we do not know how to obtain the infimum of (11). But
with different choices of the negative definite matrix C' we can get different
upper bounds. Here are two of them.

Corollary 6 Let A be stable and have the Jordan canonical form

A=PJP! = Pdiag(Jy,...,Js)P 7,

with
JZ' = diag(Jiyl, ey Ji,la ey Ji,tia ey Ji,ti)a 1= 1, ey Sy
mni 1 it
where
Ni —Rel
Jij = ' 0
(@) —Re A
Ai

is a modified j-by-j Jordan block for A\;. Then

J
trace eAeA < H Z€2Re)\ ZnZ,J Z 2Re A; cos =% J+1 ) (12)

Proof. Each J;; + JH has the elgenvalues 2Re \i(1 + cos =77 ) k =
1,...,j. Because A is stable, Re \; < 0, 1+cos & > 0 for allg,soJ]—kJJ

is negative definite and then C' = P(J + JH )PH is also negative definite.
Therefore (7) has the unique positive definite solution X = PP, Applying
the first part of (8) to these X and C we arrive at (12). O

We can get various bounds in such a way, i.e., first use similarity trans-
formations with diagonal matrices to J to reduce the magnitudes of the
subdiagonal elements, such that J + J is negative definite, then determine
C and X, and finally get an upper bound by applying Theorem 4 to C and
X. But this is not a practical way to estimate trace eAeAH, because if we

know the Jordan canonical form of A, we can explicitly compute it.

Corollary 7 Let A be stable and let X be the solution of AX+XAH = —],.
Then

P —
trace efed” < nr(X)e X1, (13)



) Bold Bnew,l Bnew,?
T
3672 || (e+ e )e 2 | max{e?, e 2} (e~ + e~ | AV @IHIFD? UG )

(2¢)
Table 1: Exact value and bounds of trace eted”
E(t) Boia(t) Bhew,1(t) Brew2(t) i
(2+t2)e 2 || (ef +e Ve 2 | max{e?, e 2} (e + e73) —2(‘/(2(62):;1“)2 e_(l_m)%t

Table 2: Exact value and bounds of trace eAteA”t

Proof. Use (8) with C' = —I,, and X = X. [
From a result in [6], in such a case 1/ HXH = sep(A, AH), where

sep(A, AH) =  min M
XHe)w(anitian HXH

For an arbitrary negative definite C' and the solution X, |C| /| X| > 1/ HX
so the bound in (13) maybe in general is also the worst one in asymptotic
analysis. However, it is a cheaper estimator in practice. To get this bound
only the cost of solving a Lyapunov equation is needed.

Finally we give a simple example to compare the new and old bounds.

)

Example 3 Let

We list the exact value of trace eer” and its bound in (5), (12) and (13)
in Table 1, which are denoted by E, Byd, Bpew,1 and Bjeyw,2, respectively.
Also we list them with time ¢ in Table 2 denoted by E(t), Boa(t), Bnew,1(t)
and Bpow2(t), respectively.  When e is sufficiently small B, is a better
estimator for E' than By, and Bjey 2. But in the asymptotic case (€ <
1/2) lim— 400 Bora(t) = 400, while limy— 1 Bpew,1 = 0 with order of e

—4€3t

and lim;—, oo Bpew2 = 0 with order of e S0 Bpew,1 and Byey o are

successful to show the asymptotic stability of trace eAteA” ¢, while By, fails.
Furthermore, Byey,1 is better than Bjeq. 2.
In the expression of E(t) there is a quadratic polynomial coefficient 2+¢2

varying for ¢. With the elementary mathematical result that for arbitrary



polynomial p(t) and « > 0, limy_ 4 p(t)e~* = 0, we can replace the vari-
able coeflicient by a scalar. For example since max;c(o 4o0) tet = ;%6_2,
E(t) < ;%6_26_6'5 + 2e72¢ which is just equivalent to Bpew 1-

In general, by using the Schur form of A we must have the following form

S S
trace eAteAHt _ Z Zpij (t)e(Re AitReAj)t p(t)€(2 max; Re Ai)t,

i=1j=1
where p(t), pi;j(t), i,j =1,...,s are polynomials and A;, i = 1, ..., s are the
pairwise different eigenvalues of A. Roughly speaking, our bounds are just
to try to replace the polynomial coefficient by a scalar. The cost is that we
have to take some order e =%, with § < —2max; Re \;, from the exponential
part, to keep the form p(t)e*‘s’e bounded and keep the bounds asymptotic
stable.

4 Conclusion

In this paper we have achieved two things. The first one is that we have given
sufficient and necessary conditions for a matrix A which satisfies eAeA” =
eA" eA. The second is that we give a general upper bound for trace eAeA”
and two particular bounds for that when A is stable. These two bounds
are sometimes weaker than trace eA+AH, but the importance is that they
reveal the asymptotic stability of trace eAteATt, Furthermore, the general
bound has a freedom to choose the negative definite matrix C, which maybe
is useful in practical applications.
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